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Abstract
In this paper, using Gauss sums, Jacobi sums and the similar argument as in [U. Ott, Sharply flag-
transitive projective planes and power residue difference sets, J. Algebra 276 (2004) 663–673], we
prove a result on power residue difference sets in a finite field, which implies that the proof of the
main results of Ott [U. Ott, Sharply flag-transitive projective planes and power residue difference
sets, J. Algebra 276 (2004) 663–673] is incorrect.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
A subset D of a finite abelian group G is said to be a difference set of G if for some
fixed natural number λ, every nonzero element g of G admits exactly λ representations of
the form
g = x − y
with x, y ∈ D.
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and let
Ud =
{
xd | 0 = x ∈ Fq
}
and
U0d = Ud ∪ {0}.
An old open problem is whether the subgroup Ud of Fd \ {0} (or U0d of Fq ) is a difference
set for the additive group of Fq . This is called as a power residue difference set of order d
in Fq . There are many results on power residue difference sets. We refer to the section on
Cyclotomic and Difference Sets in [4] and the chapter on Difference Sets in [14].
Assume that Fq admits a power residue difference set of order d , it is known that d ≡ 0
(mod 2) by [5]. Examples of power residue difference sets of order d are known for d =
2,4,8. It is also known that there are no power residue difference sets of order d = 6 by
[5], d = 10 by [12], d = 12 by [13], d = 14 by [6], d = 16 by [2,11] and d = 18 by [1].
Recently, Ott [1] proved that d is a power of 2.
In this paper, we are going to use Gauss sums and Jacobi sums to derive a result on
power residue difference sets (Theorem 1 in Section 2), which implies that the proof of
Theorem 1 of Ott [9] is incorrect.
It is known ([7] and [8]) that a flag-transitive projective plane is either of prime power
order or admits a sharply flag-transitive group of automorphisms. In the latter case one
infers from [7] that the plane has even order n and that the number
q = n2 + n + 1
of points is a prime. Moreover, the subgroup Un is a difference set for the additive group
of Fq (see [10]). This is a particular case of the class of power residue difference sets.
Therefore, the proof of Theorem 2 of Ott [9] is incorrect.
2. Main result and its proof
Denoted by H the group of characters of Fq/Ud and let ψ be a generator of H, so that
ψ(x) = 1 ⇔ x ∈ Ud ⇔ x = yd for a suitable y ∈ Fq .
The following arguments are standard. For u ∈ Fq let M(u) denote the number of solu-
tions of the equation u = xd . Then for u = 0,
M(u) =
∑
χ(u) =
d−1∑
ψi(u).χ∈H i=0
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χ to the modulus m and any integer a with gcd(a,m) = 1, the Gauss sum Ga(χ,ω) is
defined by
Ga(χ,ω) :=
m−1∑
i=1,(i,m)=1
χ(i)ωai .
The following results is well known (Theorems 7.2.3 and 7.4.3 of [3]).
Lemma 1. We have
(i) If χ is not the principal character, then ∑m−1i=1,(i,m)=1 χ(i) = 0.
(ii) If χ is a primitive character to the modulus m and gcd(m,a) > 1, then Ga(χ,ω) = 0.
(iii) If χ is a primitive character to the modulus m and gcd(m,a) = 1, then Ga(χ,ω) =
χ−1(a)G1(χ,ω).
For χ, τ ∈H, introducing the Jacobi sum
J (χ, τ ) =
∑
r =0,1
χ(1 − r)τ (r).
By Lemmas 2 and 3 of [9] we have: the basic equation that Ud is a power residue difference
set of order d in Fq are
d − 2 =
∑
1s,t<d,s+t =d
(−1)tJ (ψs,ψt), (1)
−2 =
∑
1s,t<d,s+t =d
ψ(a)s+t (−1)tJ (ψs,ψt) for ad = 1, a = ±1. (2)
The basic equation that U0d is a power residue difference set of order d in Fq are
−(d − 1)(d − 2) =
∑
1s,t<d,s+t =d
(−1)tJ (ψs,ψt), (3)
2(d − 1) =
∑
1s,t<d,s+t =d
ψ(a)s+t (−1)tJ (ψs,ψt) for ad = 1, a = ±1. (4)
Now we have our main result of the present paper.
Theorem 1. Assume that d is even and Ud is a power residue difference set of order d .
For any proper divisor d1 > 2 of d . Let χ be a primitive multiplicative character to the
modulus d1. Then ∑
χ−1(s + t)(−1)tJ (ψs,ψt)= 0.
0s,t<d,(d1,s+t)=1
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p
) to the
modulus p, then we have
∑
0s,t<d,p(s+t)
(
s + t
p
)
(−1)tJ (ψs,ψt)= 0. (5)
Proof. Let ω = e2πi/d1 . SinceH and Fq/Ud are cyclic groups of order d , then there exists
an element a ∈ Fq such that ad = 1, a = ±1 and
χ(a) = e2πi/d1 .
From the basic equations (2) and (4) we obtain for ai = ±1, 1 i  d1 −1, gcd(i, d1) = 1,
2dε − 2 =
∑
0s,t<d,d1(s+t)
ωi(s+t)(−1)tJ (ψs,ψt)+ ∑
0s,t<d,d1|s+t =d
(−1)tJ (ψs,ψt),
where ε = 0,1 depending whether we are looking at Ud or U0d . Multiplying with the char-
acter χ(i) for 1 i  d1 − 1, gcd(i, d1) = 1, we have
χ(i)(2dε − 2) = χ(i)
∑
0s,t<d,d1|s+t =d
(−1)tJ (ψs,ψt)
+
∑
0s,t<d,d1(s+t)
χ(i)ωi(s+t)(−1)tJ (ψs,ψt). (6)
Summing Eq. (6) over 1 i  d1 − 1, gcd(i, d1) = 1, it follows that
∑
0s,t<d,d1|s+t =d
(
d1−1∑
i=1,(i,d1)=1
χ(i)ωi(s+t)
)
(−1)tJ (ψs,ψt)= 0,
or
∑
0s,t<d,d1|s+t =d
G(s+t)(χ,ω)(−1)tJ
(
ψs,ψt
)= 0. (7)
By Lemma 1 and (7) we conclude that
∑
0s,t<d,(d1,s+t)=1
χ−1(s + t)(−1)tJ (ψs,ψt)= 0.
This completes the proof. 
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derive formula (18) of Ott [9] form formula (17) of [9] (we can only have formula (5))
since
∑p−1
i=1 (
i
p
)(ωs+t )i = ( s+t
p
)
∑p−1
i=1 (
i
p
)ωi . Therefore the proof of the main results of
[9] is incorrect.
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